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Abstrat. A twist onstrution for manifolds with torus ation
is desribed generalising ertain T-duality examples and onstru-
tions in hyperomplex geometry. It is applied to omplex, SKT,
hyperomplex and HKT manifolds to onstrut ompat simply-
onneted examples. In partiular, we nd hyperomplex mani-
folds that admit no ompatible HKT metri, and HKT manifolds
whose Obata onnetion has holonomy ontained in SL(n,H).
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2 ANDREW SWANN
1. Introdution
The study of speial metris ompatible with one or more omplex
strutures has a long history. The most widely studied ase is that
of Kähler metris, where the Levi-Civita onnetion also preserves the
omplex struture; here there is a rih plentiful soure of examples,
although there are omplex manifolds that admit no Kähler metri.
However, the analogue of this situation for two anti-ommuting om-
plex strutures, namely hyperKähler geometry, is very restritive and
only a limited number of ompat examples are known. Thus from
the mathematial point of view, weaker ompatibility onditions are of
interest. On the other hand, models from theoretial physis, partiu-
larly in the presene of supersymmetry, lead to omplex strutures and
metris with potentially less restritive onstraints [15, 35℄. In general,
it is not hard to weaken the formal denitions, but then the question
remains whether these really lead new strutures and how one might
onstrut examples. In this paper, we present a general onstrution
that from a manifold with torus symmetry produes a new manifold,
the twist, and show how geometri data may be moved through this
onstrution. We then speialise the onstrution to omplex and hy-
peromplex geometry, using it to onstrut examples that are ompat
and simply-onneted.
In outline the twist onstrution we desribe is as follows. Consider
a manifold M with an ation of an n-torus TM . Suppose P → M
is a prinipal T n-bundle with onnetion. If the TM -ation lifts to
P ommuting with the prinipal ation, then we may onstrut the
quotient spae
W = P/TM .
Furthermore, if the lifted TM -ation preserves the prinipal onnetion,
then tensors on M may be transferred to tensors on W by requiring
their pull-baks to P to agree on horizontal vetors. In this way, an
invariant geometri struture on M , suh as omplex struture or a
metri, determines a orresponding geometri struture on the twistW .
Essentially this onstrution was onsidered mathematially by Joye
[23℄ in the ontext of hyperomplex manifolds using instanton on-
netions. For the speial ase of irle ations and instanton onne-
tions this was speialised to hkt metris for hyperomplex strutures
by Grantharov & Poon [21℄. As demonstrated in [36℄, spei non-
ompat examples in the hkt ontext inlude the T-duality onstru-
tion evoked by Gibbons, Papadopoulos & Stelle [18℄ based on the σ-
model duality of Busher [8℄ (f. [4, 32, 41℄). The onstrution we
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present is more general, applying in priniple to any geometri stru-
ture, but even in the hyperomplex or hkt ase we will see that the
instanton ondition an be relaxed with advantage. Furthermore, in
many situations the T n-twist onstrution is not equivalent to n invo-
ations of the S1-twist. Versions of the S1-twist have been announed
and disussed in [36, 37℄ and applied to almost quaternion-Hermitian
manifolds in [27℄.
We start the paper by disussing the general framework for the twist
onstrution. In partiular, we study in detail the problem of lifting
the TM ation to the prinipal bundle P , 2, and invoke the topologial
results of [24℄. The twist onstrution itself is desribed in 3. We show
how tensors and almost omplex strutures may be moved through the
twist onstrution, and study the eets on the exterior derivatives of
forms and integrability of omplex strutures. In the latter ase, we
see the instanton ondition is not the most general requirement, in
line with the onstrutions of Goldstein & Prokushkin [19℄. As the
twist W is onstruted as a quotient it is potentially singular. For our
appliations, we are only interested in smooth manifolds, but many of
the results extend without hange to the orbifold ase.
In 4, we apply the twist onstrution in the ontext of Hermitian
geometry. We onentrate mostly on the ase of skt manifolds, strong
Kähler manifolds with torsion. These are haraterised by ∂∂¯ωI = 0,
where ωI is the Kähler form. Gauduhon [16℄ showed that any ompat
Hermitian surfae admits suh a metri, but in higher dimensions the
ondition more ompliated. The skt strutures on six-dimensional
nilmanifolds were lassied by Fino, Parton & Salamon [13℄, however
these are not simply-onneted. Grantharov, Grantharov & Poon
[20℄ used torus bundles to provide six-dimensional examples. Using the
instanton ase, we reprodue their examples via the twist onstrution,
extending them to higher dimensions, and point out how a number of
relatively expliit examples may be produed. We also show that the
non-instanton ase gives rise to further ompat simply-onneted skt
manifolds. This setion loses with a disussion of the behaviour of
omplex volume forms. Note that other known ompat examples of
skt manifolds inlude even-dimensional ompat Lie groups [34℄ and
ertain instanton moduli spaes [26, 10℄, and that Fino & Tomassini
[14℄ have reently shown that the skt ondition is preserved by blow-
up.
The nal part of the paper, 5, onerns hyperomplex and hkt
geometry. Hyperomplex manifolds arry two anti-ommuting om-
plex strutures; the hkt ondition on a ompatible metri may be
expressed via a simple rst order relation on the exterior derivatives
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of the orresponding Kähler forms, equation (5.1). The hkt ondition
implies that there is a unique onnetion preserving the metri and
the omplex strutures, with torsion determined by a three-form. This
geometry was originally introdued by Howe & Papadopoulos [22℄ in
the physis literature and the paper of Grantharov & Poon [21℄ gave a
mathematial desription and several onstrutions. We now know that
hkt strutures behave in many ways as a good quaternioni analogue
of Kähler geometry. In partiular, there is a potential theory [2℄, a
version of Hodge theory [38℄ and some work towards Calabi onjeture
types of results [1℄. However, the strongest versions of these results
require a redution of the holonomy of the hyperomplex struture:
there is a unique torsion-free onnetion, the Obata onnetion, that
preserves the given omplex strutures, and the requirement is that
its holonomy should be ontained the subgroup SL(n,H), onsisting of
the invertible n × n quaternion matries GL(n,H) ⊂ GL(4n,R) that
preserve a real volume form.
In [39℄, Verbitsky used instanton onnetions on vetor bundles to
onstrut ompat hkt manifolds, however these have innite fun-
damental group. We show in 5.1 that the instanton version of the
twist onstrution leads to many simply-onneted examples. We also
demonstrate that, at least loally, hkt metris may be produed from
non-instanton twists.
Using instanton twists, we show in 5.2, that there are non-trivial
hkt metris on ompat simply-onneted manifolds suh that the
Obata holonomy lies in SL(n,H). Barberis, Dotti & Verbitsky [3℄ re-
ently provided similar examples on ompat nilmanifolds, but these
have innite fundamental group.
Finally, we onstrut via non-instanton twists examples of ompat
simply-onneted hyperomplex manifolds in all allowable dimensions
that do not admit a ompatible hkt metri. Examples with innite
fundamental group were previously onstruted on nilmanifolds in di-
mension 8, Fino & Grantharov [12℄.
Aknowledgements. I thank Martin Svensson, Franiso Martín Cabr-
era, Andrew Daner and Gil Cavalanti for useful onversations at var-
ious stages of this work that is partially supported by a grant from
the MEC (Spain), projet MTM2004-2644. It is also a pleasure to
thank NORDITA and the organisers of the programme on `Geometri-
al Aspets of String Theory' for support during the ompletion of this
paper.
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2. Lifting Abelian ations
Let An be a onneted Abelian Lie group of dimension n. Suppose
that pi : P → M is a prinipal An-bundle with strutural group AP .
Write aP for the Lie algebra of AP and let ρ : aP → X(P ), Y 7→ ρY , be
the vetor elds generated by the prinipal ation.
We now assume there is an ation of AM ∼= A
n
on M and write
ξ : aM → X(M) for the innitesimal ation. If θ ∈ Ω
1(P, aP ) is a
onnetion one-form on P with urvature F ∈ Ω2(M, aP ), pi
∗F = dθ,
we wish to determine onditions so that the AM -ation is overed by an
Abelian Lie group ation on P preserving θ and ommuting with AP .
We will use X˜ to denote the horizontal lift of X ∈ TM to H = ker θ ⊂
TP .
First onsider the problem of lifting to an Rn = A˜n-ation. Suh a
lift is given by a map ξ˚ : aM → X(P ).
Proposition 2.1. The AM -ation indued by ξ lifts to an Rn-ation
preserving the onnetion form θ if and only if
(i) LξF = 0,
(ii) [ξ yF ] = 0 ∈ H1(M, aP ⊗ a
∗
M) and
(iii) ξ∗F = 0.
Moreover, if AM is ompat, then ondition (iii) is redundant.
Proof. Write
ξ˚ = ξ˜ + a˚ρ (2.1)
for some a˚ ∈ Ω0(P, aP ⊗ a
∗
M), where ξ˜ is the horizontal lift and ρ is
regarded as an element of X(P, a∗P ). The ondition that ξ˚ preserves θ
gives
0 = Lξ˚θ = ξ˚ y dθ + d(ξ˚ y θ) = ξ˚ y pi
∗F + d(˚aρ y θ) = pi∗(ξ yF ) + d˚a.
Thus d˚a = −pi∗(ξ yF ). The rst onsequene of this is that pi∗(LξF ) =
pi∗(dξ yF ) = −d2a˚ = 0, giving ondition (i). We also nd dierentiat-
ing in the vertial diretions that ρ˚a = ρ y d˚a = −ρ y pi∗d(ξ yF ) = 0,
so a˚ is onstant on bres and is the pull-bak of a funtion a ∈
Ω0(M, aP ⊗ a
∗
M):
ξ˚ y θ = a˚ = pi∗a.
We now have
da = −ξ yF (2.2)
so the lass [ξ yF ] is zero in H1(M, aP ⊗ a
∗
M), whih is ondition (ii).
It remains to show that ξ˚ : aM → X(P ) is a Lie algebra homomor-
phism. As we are working with Abelian groups, this is the same as
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[ξ˚X , ξ˚Y ] = 0 for all X, Y ∈ aM . We have
[ξ˚X , ξ˚Y ] = [ξ˜X , ξ˜Y ] + [˚aXρ, ξ˜Y ] + [ξ˜X , a˚Y ρ] + [˚aXρ, a˚Y ρ]. (2.3)
The last term vanishes sine aP is Abelian and ρ˚a = 0. For one of the
middle terms, we have
pi∗ [˚aXρ, ξ˜Y ] = [0, ξY ] = 0,
so the horizontal part is zero, and the vertial part is determined by
θ([˚aXρ, ξ˜Y ]) = −dθ(˚aXρ, ξ˜Y )− ξ˜Y (˚aX)
= −(pi∗F )(˚aXρ, ξ˜Y )− pi
∗(ξY aX)
= pi∗(F (ξX , ξY )).
As aM is Abelian, the rst term in (2.3) has
pi∗([ξ˜X , ξ˜Y ]) = [ξX , ξY ] = 0 and θ([ξ˜X , ξ˜Y ]) = −pi
∗(F (ξX , ξY )).
Putting these together we get
θ([ξ˚X , ξ˚Y ]) = pi
∗(F (ξX , ξY )),
whilst the horizontal part is zero. This gives ondition (iii). Now note
that F (ξX, ξY ) = −daX(ξY ) = −LξY aX , so d(F (ξX, ξY )) = −LξY daX =
LξY (ξX yF ) = 0. This shows that F (ξX, ξY ) is onstant. When AM is
ompat, eah omponent of ξY aX has a zero on eah AM -orbit, e.g.,
at a maximum of the omponent of aX , so the onstant F (ξX , ξY ) is
zero. 
Note that the lift is not unique, depending instead on a hoie of
a ∈ Ω0(M, aP ⊗ a
∗
M) in equation (2.2). In partiular, if M is ompat,
we an add a onstant element of aP ⊗ a
∗
M to a to ensure that a is
invertible.
Suppose F is a losed 2-form with values in Rn ∼= aP .
Denition 2.2. We say that an AM -ation is F -Hamiltonian if it sat-
ises onditions (i) and (ii) of Proposition 2.1.
2.1. Topologial onsiderations for torus ations. In onstru-
tions with An = T n an n-torus, we would like have as starting data a
manifold M with TM -ation and a 2-form F ∈ Ω
2(M, tn) that is TM -
invariant. We then wish to onstrut a prinipal T n-bundle P with a
onnetion θ whose urvature is F in suh a way that TM lifts to a
T n-ation on P preserving θ and ommuting with the prinipal ation.
First, ignoring the TM -ation we need F to be a losed form with
integral periods, we write this as F ∈ Ω2
Z
(M, tn). We then have that
[F ] ∈ H2(M,Zn) ⊗ R ⊂ H2(M, tn) and by Chern-Weil theory we an
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nd a prinipal T n-bundle P with c1(P )⊗ R = [F ] and onnetion θ0
on P with dθ0 = pi
∗F . Let us write T n = tn /Λn and TM = tM /ΛM , so
Λn ∼= Zn ∼= ΛM .
The question of equivariantly lifting the TM -ation to P is mostly
learly addressed in [24℄. The main tool used is the spetral sequene
of the bration
M −→MG −→ BG,
where G = TM , EG = (S
∞)n = (colimSk)n → BG = BTM ∼= CP(∞)n
is the lassifying spae and MG = EG ×G M . It is shown that the
TM -ation lifts to P if and only if c1(P ) ∈ H
2(M,Λn) is TM -invariant
and lies in
E0,2
∞
= ker(d3 : E
0,2
3 → E
3,0
3 ) ⊂ ker(d2 : E
0,2
2 → E
2,1
2 ).
Sine TM is onneted it ats trivially on H
q(M,Λn), so the invariane
of c1(P ) is automati, and the loally onstant presheaf H
q(M,Λn) over
the simply-onneted spae BG is onstant. We thus have
Ep,q2 = H
p(BTM , H
q(M,Λn))
=
{
Hq(M,Λn)⊗Z S
kΛ∗M , for p = 2k > 0 even,
0, otherwise.
This gives immediately that d3 = 0. Sine E
p,q
3 = ker(d2 : E
p,q
2 →
Ep+2,q−12 )/ im(d2 : E
p−2,q+1
2 → E
p,q
2 ), we have
E0,2
∞
= E0,23 = ker(d2 : E
0,2
2 → E
2,1
2 )
= ker(d2 : H
2(M,Λn)→ H
1(M,Λn)⊗Z Λ
∗
M).
Tensoring with R, the map d2 is given by
(dR2 )[F ] = [ξ yF ] ∈ H
1(M, tn⊗ t
∗
M)
when F is TM -invariant.
If the TM -ation is F -Hamiltonian (Denition 2.2), then we have
[ξ yF ] = 0 and the lass d2(c1(P )) is torsion in H
1(M,Λn) ⊗Z Λ
∗
M .
However, H1(M,Z) is isomorphi to the torsion-free part of H1(M,Z),
so d2(c1(P )) = 0. Thus the TM -ation lifts to P overing the ation
on M . The lifted TM -ation will not neessarily preserve θ0, but aver-
aging θ0 over the lifted TM gives an invariant onnetion form θ still
with urvature F .
In summary, we have:
Proposition 2.3. Suppose M admits an F -Hamiltonian TM -ation
for some losed 2-form with integral periods F ∈ Ω2
Z
(M, tn). Then
there is a prinipal T n-bundle P →M whih admits
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(i) a T˚M -ation of the n-torus TM ommuting with the prinipal
ation, overing the TM -ation on M , and
(ii) a T˚M -invariant T
n
-onnetion θ on P with urvature F .
In fat, suh a lift exists for any T n-bundle P with c1(P )⊗R = [F ]. 
The lifts above are not unique: when lifting to an Rn-ation, there
is an ambiguity in a ∈ Ω0(M, tP ⊗ t
∗
M) as one may add any onstant
element of λ ∈ tP ⊗ t
∗
M to a. Given a torus lift, the integrality ondition
λ ∈ ΛP ⊗ Λ
∗
M ⊗ Z leads to a new suh torus ation on P . If the TM -
ation on M is free, then eah of these lifts T˚M is free on P . Allowing
λ ∈ ΛP ⊗ Λ
∗
M ⊗ Q leads to torus ations on P whose innitesimal
generators map to those on M under pi∗ and whih over the ation of
a nite over of TM .
3. Twist onstrution
SupposeM is a manifold with an eetive F -HamiltonianAM -ation
where F ∈ Ω2
Z
(an). Let (P, θ) be a prinipal A
n
-bundle with urva-
ture F and an A˚M -ation preserving θ and overing the AM -ation in-
nitesimally. Here A˚M is some onneted Abelian group overing AM .
Assume that A˚M ats properly on P ; and that A˚M is transverse to
H = ker θ.
Then A˚M has disrete stabilisers and P/A˚M has the same dimension
as M . This transversality is the same as requiring a ∈ Ω0(M, aP ⊗ a
∗
M)
in (2.2) to be invertible. If M is ompat and An ∼= T n is a torus,
then the disussion of the previous setion shows that there is always a
proper lift and that we may add a onstant rational element of aP ⊗ a
∗
M
to a to ensure that a−1 ∈ Ω0(M, aM ⊗ a
∗
P ) exists.
Denition 3.1. A twist of M with respet to AM , F and invertible a,
is the quotient spae
W = P/A˚M .
We say that W is a smooth twist if W is a manifold.
For torus ations, a twist W will at worst be an orbifold under the
assumptions above. We are interested in onstruting smooth mani-
folds and will therefore only disuss geometri strutures in the ase
of smooth twists, however many of our results will arry over to the
orbifold ase without modiation. Note that the following example
shows that smooth twists may not exist.
Example 3.2. Suppose M = CP(n) with irle ation
[z0, . . . , zn] 7→ [e
2πiλ0θz0, . . . , e
2πiλnθzn].
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The anonial irle bundle over CP(n) is S2n+1 ⊂ Cn+1 with prinipal
ation z 7→ e2πiφz. The lifted ation
(z0, . . . , zn) 7→ (e
2πi(λ0+k)tz0, . . . , e
2πi(λn+k)tzn)
is free only if k = −1
2
(λi + λj) for all λi 6= λj , whih in general is
impossible. ♦
In the ase that the lifting funtion a is non-onstant, we an not
onsistently identify tM and tP , and so twisting with TM an not be
redued to repeated twists by irle subgroups via irle bundles.
3.1. Geometri strutures. Returning to W a smooth twist of a
general M , we have projetion maps
M
π
←−−− P
π
W−−−→ W.
Our assumptions imply that both maps are transverse to the distribu-
tion H . We use this to relate objets on M and W . Invariant vetor
elds may be transferred simply by lifting horizontally and projeting.
Denition 3.3. Two (p, 0)-tensors α on M and αW on W are said to
be H -related, written
α ∼
H
αW ,
if their pull-baks to P agree on H , i.e. pi∗α = pi∗WαW on H .
Lemma 3.4. Eah invariant p-form α ∈ Ωp(M)AM is H -related to a
unique p-form αW ∈ Ω
p(W ) given by
pi∗WαW = pi
∗α− θ ∧ pi∗(a−1ξ yα).
Note that AM -invariane of α is a neessary ondition.
Proof. The form pi∗WαW may be deomposed with respet to θ and H
as an element of Ωp(H ) + θ ∧ Ωp−1(H , a∗P ). By denition the rst
omponent is pi∗α; we write the seond as θ ∧ β. Using (2.1), we now
ompute
0 = ξ˚ ypi∗WαW = ξ˚ ypi
∗α + ξ˚ y(θ ∧ β)
= ξ˜ ypi∗α + a˚θ(ρ)β − θ ∧ ξ˜ yβ
= pi∗(ξ yα) + (pi∗a)β − θ ∧ (ξ yβ),
sine θ ◦ ρ is the identity on aP . Considering horizontal vetors, we
have β = −pi∗(a−1ξ yα) and the result follows. 
Corollary 3.5. If g is an invariant metri on M then the unique
metri gW on W H -related to g is given by
pi∗W gW = pi
∗g − 2θ ∨ pi∗(a−1ξ♭) + θ2pi∗((a−1)2g(ξ ⊗ ξ)).

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Corollary 3.6. Suppose α ∼
H
αW . Then
dαW ∼H dα− a
−1F ∧ ξ yα.
Proof. Computing diretly, we have
pi∗WdαW = dpi
∗
WαW = d(pi
∗α− θ ∧ pi∗(a−1ξ yα))
= pi∗(dα− F ∧ a−1ξ yα) + θ ∧ pi∗(d(a−1ξ yα))
whih agrees horizontally with the laimed result. Vertially we have
θ wedge the pull-bak under pi of
−a−1da a−1 ∧ ξ yα+ a−1d(ξ yα) = a−1ξ yF a−1 ∧ ξ yα− a−1ξ y dα)
= −(a−1ξ y(dα− a−1F ∧ ξ yα)),
sine Lξα = 0. The result now follows. 
Thus the invariant part of the exterior algebra ofW may be regarded
as the invariant exterior algebra of M with the twisted dierential
d− a−1F ∧ ξ y.
3.2. Duality. Let us now show that W is dual to M in the sense that
M may also be obtained fromW via a twist. The distribution H on P
is transverse to the ation of A˚M . If A˚M ats freely we have a prinipal
bundle A˚M → P → W . Its onnetion form orresponding to H is
θW = pi
∗(a−1)θ,
as may be seen by writing θW = fθ, for some f ∈ Ω
0(P, aM ⊗ a
∗
P ), and
enforing the ondition θW (ξ˚) = id on aM . This has urvature
pi∗WFW = pi
∗(a−1F )− pi∗(a−1da a−1) ∧ θ,
whih is simply the two-form FW that is H -related to F . Sine AP
ommutes with A˚M , it desends to an ation of an Abelian group AW
on W preserving FW . Write ζ : aW → X(W ) for the innitesimal
ation of AW , so ζ = piW ◦ ρ. This ation is FW -Hamiltonian with
ζ yFW = −d(a
−1). The original manifold M is obtained by twisting
W with respet to AW and FW using a
−1
.
3.3. Lie brakets and omplex strutures. Tangent vetors X
on M and XW on W are said to be H -related if their horizontal lifts
to H agree. Writing ·̂ for the horizontal lift from W , this says,
X̂W = X˜.
Lemma 3.7. Lie brakets between H -related vetor elds are related
by
[XW , YW ] ∼H [X, Y ]− ξa
−1F (X, Y ).
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Proof. Lifting [X, Y ] horizontally gives the horizontal part of [X˜, Y˜ ].
The vertial part of this last Lie braket is ρpi∗F (X, Y ), so
[˜X, Y ] = [X˜, Y˜ ]− ρpi∗F (X, Y ).
Similarly,
̂[XW , YW ] = [X̂W , ŶW ]− ξ˚pi
∗
WFW (XW , YW )
= [X̂W , ŶW ]− (ξ˜ + aρ)pi
∗(a−1F + a−1da a−1 ∧ θ)(X̂W , ŶW )
= [X̂W , ŶW ]− (pi
∗(ξa−1F ) + ρpi∗F )(X̂W , ŶW ),
from whih the result follows. 
Almost omplex strutures may now be H -related in a similar way
giving
ÎWA = I˜pi∗Aˆ. (3.1)
For a p-form α and an index k we write
I(k)α(X1, . . . , Xp) = −α(X1, . . . , IXk, . . . , Xp)
and I(ab...c) = I(a)I(b) . . . I(c). This onvention ensures that I(k)J(k)α =
(IJ)(k)α, but is the opposite of the usual onvention in omplex geom-
etry. In partiular, Λ1,0 beomes the (−i)-eigenspae for I(1).
Proposition 3.8. The Nijenhuis tensors of H -related almost omplex
strutures I and IW are related by
NIW ∼H NI + (1− LI)F , (3.2)
where F = ξa−1F ∈ Γ(TM ⊗ Λ2T ∗M) and LI = I(12) + I(13) + I(23).
Proof. This follows diretly from the denition NI(X, Y ) = [IX, IY ]−
I[IX, Y ]− I[X, IY ]− [X, Y ] and Lemma 3.7. 
Note that LI ats on TM ⊗ Λ
2T ∗M with eigenvalues −3 and +1.
The (−3)-eigenspae is JT 1,0 ⊗ Λ0,2K, where JV K ⊗ C = V + V . We
thus see that if F is of type (1, 1), then twisting preserves integrability.
However, it will be important for us that other hoies of F an also
give integrable omplex strutures.
To understand the integrability better, x a point x ∈ M , let A =
im ξ ⊂ TxM and put AI = A ∩ IA . Dene s = dimC AI and r =
dimR A . For a basis e1, . . . , en of aM write Xi = ξx(ei). Using AI 6
A 6 TxM , we may hoose this basis so that
(i) X1, . . . , X2s is a omplex basis of AI , with IX2j−1 = X2j, for
j = 1, . . . , s,
(ii) X1, . . . , Xr is a basis of A , and
(iii) Xr+1, . . . , Xn are zero.
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We then write a−1F ∈ Ω2(M, aM) as
a−1F =
n∑
k=1
Fk ⊗ ek
with Fk ∈ Ω
2(M), so F =
∑r
k=1Xk ⊗ Fk.
Lemma 3.9. If (M, I) is omplex, then the indued almost omplex
struture IW on a twist W is integrable if and only if
(i) (F2j−1 + iF2j)
0,2 = 0, for j = 1, . . . , s, and
(ii) Fk ∈ Λ
1,1
, for k = 2s+ 1, . . . , r.
Proof. By (3.2), the integrability ondition for IW is (1 − LI)F = 0.
Note that
(1−LI)(Xk ⊗ Fk) = Xk ⊗ (1− I)Fk − IXk ⊗ I(1)(1− I)Fk
= 2Xk ⊗ (F
2,0
k + F
0,2
k ) + 2IXk ⊗ (iF
2,0
k − iF
0,2
k ).
For 2s < k 6 r,Xk and IXk are linearly independent ofXj for all j 6= k,
so F 2,0k = 0 = F
0,2
k . For j 6 s, we should onsider the omponents
2j − 1 and 2j together. Let X = X2j−1, F(1) = F2j−1, F(2) = F2j and
F(c) = F(1) + iF(2). Now, sine F(1) and F(2) are real, we get
(1− LI)(X2j−1 ⊗ F2j−1 +X2j ⊗ F2j)
= 2X ⊗ (F 2,0(1) + F
0,2
(1) − iF
2,0
(2) + iF
0,2
(2) )
+ 2IX ⊗ (F 2,0(2) + F
0,2
(2) + iF
2,0
(1) − iF
0,2
(1) )
= 4Re((X − iIX)⊗ F 0,2(c) )
and the result follows. 
4. Hermitian and SKT strutures
Suppose (g, I) is a Hermitian struture on M , meaning that I is
integrable and g(IX, IY ) = g(X, Y ) for allX, Y ∈ TM . Then there is a
unique onnetion ∇B with skew-symmetri torsion preserving I and g
[17℄. This is known as the Bismut onnetion, due to its appearane
in [5℄, and is given by
∇B = ∇LC + 1
2
TB, c = (TB)♭ = −IdωI , (4.1)
where ωI(X, Y ) = g(IX, Y ).
Denition 4.1. The triple (g, I,∇B), or equivalently (g, I, c), is known
as a kt struture. It is strong or skt if dc = 0.
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Let us onsider how the torsion form c of a kt manifold hanges
under a twist. We use the notation of 3 so that AM ∼= A
n
is a on-
neted Abelian group ating onM in suh a way that there is a smooth
twistW given via urvature F ∈ Ω2
Z
(M, aP ), AP ∼= A
n
, and lifting fun-
tion a ∈ Ω0(M, aP ⊗ a
∗
M).
Proposition 4.2. Suppose the ation of AM preserves a Hermitian
struture (g, I) on M with torsion form c. If (F, a) are suh that the
twist has IW integrable, then W is a kt manifold with torsion given
by
cW ∼H c− a
−1IF ∧ ξ♭. (4.2)
Proof. By onstrution IW is ompatible with gW . We thus have ω
W
I ∼H
ωI and that c is invariant under AM . Now the result follows from
cW ∼H −I(d− a
−1F ∧ ξ y)ωI ,
by Corollary 3.6. 
Many examples of this onstrution may be given by onsidering any
free T n-ation on a Hermitian manifold and hoosing a Hamiltonian
two-form F ∈ Ω2
Z
(M,Rn). As we will see below, this often produes
Hermitian strutures that are not of Kähler type.
It follows from (4.2) that the exterior derivative of the torsion satises
dcW ∼H dc− a
−1
(
F ∧ (ξ y c) + d(IF ) ∧ ξ♭ + IF ∧ dξ♭
)
+ (a−1)2
(
g(ξ, ξ)F ∧ IF + F ∧ (ξ y IF ) ∧ ξ♭
− (ξ yF ) ∧ IF ∧ ξ♭
)
.
(4.3)
Note that if F is of type (1, 1), the instanton ase, then this simplies
to
dcW ∼H dc− a
−1F ∧
(
(ξ y c) + dξ♭ − g(ξ, ξ)a−1F
)
. (4.4)
Using these last two expressions it is now possible to give a number
of examples of ompat simply-onneted skt manifolds.
4.1. Instanton twists from tori. First note that any Kähler mani-
fold is skt sine it has c = 0. Let N be an skt manifold and onsider
the produt M = N × T 2, where T 2 is a 2-torus with an invariant, so
at, Kähler metri. Then M is skt with torsion supported on N . Let
ξ be the torus ation on the T 2-fator. We have ξ y c = 0 and dξ♭ = 0.
If F ∈ Ω2
Z
(N, aP ) with aP ∼= R2, then ξ yF = 0 and a is a onstant
isomorphism aM → aP . Choosing bases we may write ξ = (X1, X2),
a−1F = (F1, F2).
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Suppose now that F is of type (1, 1). Then the twist W is Hermitian
and the skt ondition beomes
2∑
i,j=1
g(Xi, Xj)Fi ∧ Fj = 0.
Taking T 2 = C/(Z+ iZ) with the standard metri, we may hoose Xi
orthonormal and a the identity matrix, the strong ondition redues to
F 21 + F
2
2 = 0 with Fi ∈ Ω
1,1
Z
(N).
Example 4.3. Let N = Σ1×Σ2 a produt of Riemann surfaes and take
[Fi] to be the fundamental lass on the ith fator. The twistW is then a
produt of non-trivial irle bundles over the Riemann surfaes. When
eah Σi has genus 0, the twist W is topologially the produt S
3 × S3
and we obtain the Calabi-Ekmann omplex strutures [9℄. The torsion
form cW is a sum of volume forms on the two fators. In general, the
onstruted skt struture only has T 2-symmetry, and even that may
be destroyed by adding i∂∂¯f to the Kähler form ωWI for f ∈ C
∞(W )
with suitably small C2-norm. ♦
To onstrut further examples of this type, note that Eells & Lemaire
[11℄ showed that for an almost Kähler manifold X , any non-onstant
holomorphi map f : X → CP(1) has [f ∗ωCP(1)] 6= 0 in H2(X,Z). Thus
if N is Kähler and admits a non-onstant holomorphi map to CP(1),
we get a two-form
Φ(f) = 2pif ∗ωCP(1) ∈ Ω
1,1
Z
(N)
with Φ(f)2 = 0. Furthermore suh a map f will exist whenever N
admits a non-onstant holomorphi map to some ompat Riemann
surfae.
Example 4.4. Consider the Kummer onstrution of a K3 surfae N as
the resolution of X/{±1}, where X = T 4 = C2/(Z+ iZ)2, obtained by
blowing up the 16 singular points. Note that the Weierstrass ℘-funtion
℘ : C → CP(1) desends to T 2 and satises ℘(z) = ℘(−z), so eah
fator C of C2 denes a non-onstant holomorphi map ℘i : X/{±1} →
CP(1), whih we may then pull-bak to the desingularisation N . The
lasses
[
Φ(℘i)
]
are inequivalent in H2
orb
(X/{±1},Z) = (H2(X,Z))±1,
indeed
[
Φ(℘1) ∧ Φ(℘2)
]
is non-zero in H4(N).
Taking Fi = Φ(℘i), i = 1, 2, we see that M = N × T
2
may be
twisted to an skt 6-manifoldW with nite fundamental group. Taking
the universal over, we thus obtain a ompat simply-onneted skt
manifold, that is a T 2-bundle over the K3 surfae N . We will see below
that W is not Kähler. ♦
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These examples generalise as follows, f. [20℄ and [19℄.
Proposition 4.5. Let N be a ompat simply-onneted skt manifold.
Suppose that for some even integer n = 2k, there are n losed integral
(1, 1)-forms Fi ∈ Ω
1,1
Z
(N) with [Fi] ∈ H
2(N,R) linearly independent
and suh that
∑n
i,j=1 γijFi ∧ Fj = 0 for some positive denite matrix
(γij) ∈ Mn(R). Then there is a ompat simply-onneted T n-bundle
W˜ over N whose total spae is skt.
Moreover,
(i) no omplex struture on W˜ ompatible with the bration to N
is of Kähler type;
(ii) if b2(N) = n, then the topologial manifold W˜ admits no Käh-
ler metri.
Proof. We take W to be the twist of N × T n, where the at Kähler
metri on T n = Rn/Zn is given by (γij) with respet to the standard
generators with a ompatible omplex struture: from the lassiation
of quadrati forms (γij) = Q
TQ and we may then take I = Q−1I0Q,
where I0 is the standard omplex struture on Rn = Ck. Then the
disussion above shows that W is skt. Topologially W is a prinipal
torus bundle over N with Chern lasses [Fi]. As the [Fi] are linearly
independent, the exat homotopy sequene shows that W has nite
fundamental group and its universal over W˜ is a ompat simply-
onneted skt manifold. Furthermore, W˜ is itself a T n-bundle over N
with Chern lasses [F ′i ], rational linear ombinations of the [Fi], linearly
independent over R.
For the seond part, the projetion W˜ → N is holomorphi, with
omplex bres that are homologous to zero. But any omplex sub-
manifold of a Kähler manifold is non-zero in homology, so the omplex
struture on W˜ an not be of Kähler type.
For the last part, we use the Leray spetral sequene to ompute
b2(W˜ ). We have E
p,q
2 = H
p(N) ⊗ Hq(T n). As the [F ′i ] are linearly
independent, we see that the map d2 : E
0,q
2 → E
2,q−1
2 , d2[θ
′
i1,...,iq
] =∑q
j=1(−1)
j+1[F ′ij ]⊗[θ
′
i1,...,iˆj ,...,iq
] is injetive for eah q > 1. In partiular,
E0,23 = {0} and d3 is zero on E
p,q
3 for p, q 6 2, so the spetral sequene
stabilisers at level E3 for these terms. This gives
b2(W˜ ) =
2∑
i=0
dim(Ei,2−i3 ) = 0 + 0 + b2(N)− n = b2(N)− n.
In partiular, when b2(N) = n, we nd b2(W˜ ) = 0 and so W˜ admits
no Kähler metri. 
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Example 4.6. Let N0 be a simply-onneted projetive Kähler manifold
of real dimension 4. Fix an embedding N0 ⊂ CP(r). Then a generi
linear subspae P(V ) ⊂ CP(r) of omplex dimension r − 2 meets N0
transversely at a nite number of points p1, . . . , pd. Choose homoge-
neous oordinates [z0, . . . , zr] on CP(r) so that P(V ) = (z0 = 0 = z1).
Then the blow-up ĈP(r) of CP(r) along P(V ) is
ĈP(r) =
{
([z0, . . . , zr], [w0, w1]) : z0w1 = z1w0
}
⊂ CP(r)× CP(1).
Let pi1 and pi2 denote the projetions to the rst and seond fators of
CP(r)×CP(1). Then N1 = pi
−1
1 (N0) is the blow-up of N0 at p1, . . . , pd,
and f = pi2|N1 is a non-onstant holomorphi map from N1 onto CP(1).
As above, f denes F1 = Φ(f) ∈ Ω
1,1
Z
(N1), non-zero in ohomology
with F 21 = 0.
Iterating this onstrution, we nd that for any n = 2k there is a mul-
tiple blow-up N of N0 that satises the hypotheses of Proposition 4.5 in
the form
∑n
i=1 F
2
i = 0, and hene N is the base of a simply-onneted
skt manifold of dimension n+ 4. ♦
Example 4.7. Let G be an even-dimensional ompat Lie group. This
arries an skt struture with the omplex struture of Samelson [33℄
and a bi-invariant metri [34℄ . Let T be the maximal torus of G. Then
one may twist G toW = G/T ×T . The spae G/T is the maximal ag
manifold and so Kähler, and T has even rank. By duality of the twist
onstrution, we may thus obtain the skt struture of G by twisting
the Kähler manifold G/T × T . ♦
4.2. Non-instanton twists. If M is a torus, then M an be repeat-
edly twisted to produe nilmanifolds. Indeed every nilmanifold may be
produed this way, f. [37℄. From the results of Fino, Parton & Sala-
mon [13℄ for skt strutures on 6-dimensional nilmanifolds, we an see
that non-instanton twists are neessary to produe all suh examples.
We now demonstrate that there are simply-onneted skt manifolds
obtainable from non-instanton twists over K3 surfaes.
Let N be a K3 surfae. Yau's proof of the Calabi onjeture shows
that N admits hyperKähler metris (g, ωI , ωJ , ωK). From Looijenga's
Torelli theorem [25℄ for period maps of K3 surfaes there is a hyper-
Kähler metri g˜ whose Kähler lasses ω˜I , ω˜J , ω˜K have integral periods.
Consider M = N × T 2 as above, with the produt Kähler metri for
T 2 = C/(Z+ iZ) standard and any Kähler metri on N whih is Her-
mitian with respet to I from the hyperKähler triple. We twist M
using (F1, F2) = (F
0
1 + ω˜J , F
0
2 + ω˜K) with F
0
i of type (1, 1) with respet
to I. Note that ω˜J + iω˜K is of type (2, 0) with respet to I, so the
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almost omplex struture IW on the resulting twist W is integrable by
Lemma 3.9. The ondition for W to be skt is now
d(IF1) ∧X
♭
1 + d(IF2) ∧X
♭
2 + F1 ∧ IF1 + F2 ∧ IF2 = 0.
We have (IF1, IF2) = (F
0
1 − ω˜J , F
0
2 − ω˜K), so nd d(IFi) = 0 and the
skt ondition redues to (F 01 )
2 + (F 02 )
2 = ω˜2J + ω˜
2
K . As ω˜
2
I = ω˜
2
J =
ω˜2K for any hyperKähler metri in dimension 4, we an solve the skt
equations by taking F 0i = εiω˜I , εi ∈ {±1}. The resulting T
2
-twists are
then skt with nite fundamental group and their universal overs W˜
are the promised manifolds. As above the omplex struture admits
no ompatible Kähler metri. One may ompute b2(W˜ ) = 20 and
b3(W˜ ) = 42. From this one an see that W˜ is not a produt of smaller
dimensional manifolds.
4.3. Complex volume forms. If (M, I) is a omplex manifold with
trivial anonial bundle, it is natural to ask whih twists W also enjoy
this property.
Proposition 4.8. Suppose the twist (W, IW ) of (M, I) via ξ, F and a
is omplex. If (M, I) arries an invariant omplex volume form Θ,
then the H -related form ΘW is a omplex volume form on (W, IW ) if
and only if
a−1ξ yF 1,1 = 0,
where F 1,1 = 1
2
(F + IF ) is the (1, 1)-part of F .
Proof. Let dimCM = m. A setion of Λ
m,0
is holomorphi only if it is
losed. We have
dΘW ∼H dΘ− a
−1F ∧ ξ yΘ = −a−1F ∧ ξ yΘ,
so we need to determine when the right-hand side vanishes. This is a
pointwise omputation and we may thus use Lemma 3.9.
In the notation of Lemma 3.9, we wish to ompute
∑n
i=1 Fi ∧Xi yΘ.
Note that X yΘ is of type (m− 1, 0) and that IX yΘ = iX yΘ. Now,
for k > 2s, we have Fk = F
(1,1)
k , whereas for j 6 s, F2j−1 ∧X2j−1 yΘ+
F2j∧X2j yΘ = F(1)∧X yΘ+F(2)∧IX yΘ = F(c)∧X yΘ = F
1,1
(c) ∧X yΘ,
as F 2,0(c) ∧ X yΘ ∈ Λ
m+1,0 = {0}. However, for any (1, 1)-form F we
have F ∧Θ = 0, so (X yF ) ∧Θ+ F ∧ (X yΘ) = 0. This gives
n∑
i=1
Fi ∧Xi yΘ =
n∑
i=1
F 1,1i ∧Xi yΘ = −
( n∑
i=1
Xi yF
1,1
i
)
∧Θ.
The result follows from the fat that · ∧ Θ: Λ1 → Λm,1 is an R-linear
isomorphism. 
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5. Hyperomplex and HKT geometry
We now turn geometries with multiple omplex strutures. An al-
most hyperomplex struture on a manifold M is a triple of tangent
bundle endomorphisms I, J,K ∈ End(TM) satisfying the identities
I2 = −1 = J2 = K2 IJ = K = −JI.
The rst identities say that I, J and K are almost omplex strutures.
If these three are integrable omplex strutures we then have a hyper-
omplex struture on M . A metri g satisfying g(IX, IY ) = g(X, Y ) =
g(JX, JY ) = g(KX,KY ) for all X, Y ∈ TM is said to be almost
hyperHermitian.
Denition 5.1. An almost hyperHermitian struture (g, I, J,K) is
hyperKähler with torsion or hkt if
IdωI = JdωJ = KdωK , (5.1)
where ωI(X, Y ) = g(IX, Y ), et.
In [27℄ it was shown that hkt strutures are always hyperomplex, a
ondition that was previously inluded in the denition of hkt, f. [21℄.
Equation (5.1) is now the ondition that the Bismut onnetions for
(g, I), (g, J) and (g,K) agree.
The results of 3 and 4 may now be applied to these strutures.
Firstly, a diret onsequene of Proposition 4.2 and equation (5.1) is:
Proposition 5.2. Suppose M is an hkt manifold with twist data
(ξ, F, a) and that the ation ξ preserves the hkt struture. Then the
twist W of M by (ξ, F, a) is hkt if and only if
a−1IF ∧ ξ♭ = a−1JF ∧ ξ♭ = a−1KF ∧ ξ♭. (5.2)

5.1. Instanton HKT twists. The ondition (5.2) is satised by any
instanton, meaning F ∈ S2E⊗aP , where S
2E = Λ1,1I ∩Λ
1,1
J ∩Λ
1,1
K . This
immediately gives many examples.
Consider the following building bloks; we need both integral Hamil-
tonian instantons and torus symmetries.
(i) Tori T 4k = Hk/Λ, H = R4, Λ ∼= Z4k a lattie. These are hy-
perKähler, so hkt. They arry no Hamiltonian instantons, but supply
symmetries.
(ii) Compat irreduible hyperKähler manifolds. Passing to the uni-
versal over, we may take these to be simply-onneted. These give
a rih supply of integral instantons. One family of examples are pro-
vided by K3 surfaes M ; here the instanton ondition is just that F be
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self-dual; by the Torelli theorem there are examples where the integral
instantons form a lattie of rank 19. Notie that these have no Killing
vetors, sine they are ompat Rii-at and irreduible.
(iii) Compat groups and related homogeneous spaes. If G is a
ompat, simple Lie group, then there is a torus T r suh that G× T r
equipped with a bi-invariant metri is hkt [21℄. The hyperomplex
struture was determined by Joye [23℄ and the minimal value of r
may be found in [34, Table 1℄. In partiular, SU(2n + 1) arries an
hkt struture for all n. These strutures admit hkt deformations
with torus symmetry f. [31℄. Also, some of these homogeneous hkt
strutures desend to homogeneous spaes (G/H)×T s, see [29℄. Again,
the spaes G × T r arry no Hamiltonian instantons, but do supply
symmetries.
(iv) Squashed 3-Sasaki strutures. A Riemannian manifold (S , h0)
of dimension 4n − 1 is 3-Sasaki if the one (S × R, g0 = dr2 + r2h0)
is hyperKähler with omplex strutures invariant under X = r∂/∂r.
The metri h0 is then Einstein with positive salar urvature, so if S
is ompat then pi1(S ) is nite. Passing to the universal over we may
assume S is simply-onneted. Resaling g0 with dierent weights
along and transverse to the quaternioni span of X , one may produe
an hkt metri g = dt2+h that desends to S ×S1 suh that X ats a
triholomorphi isometry [30℄. Galiki & Salamon showed that harmoni
2-forms for h0 are instantons and orthogonal to the quaternioni span
of X , so these are also instantons for the hyperomplex struture on
S × S1. Thus any S with b2(S ) > 0 provides integral Hamiltonian
instantons on S × S1. Many suh examples of 3-Sasaki manifolds
have been onstruted by Boyer, Galiki and their oworkers, see [7℄;
in partiular, there are inhomogeneous examples in dimension 7 with
arbitrarily large b2(S ). Moreover, suh S often admit non-trivial
isometries preserving both the hkt struture of S × S1 and h0 and
hene the above mentioned instantons. Thus the manifolds S × S1
provide a rih soure of symmetries too, inluding free ations that
have ξ yF non-zero.
The hypotheses of the following Theorem are satised by an hkt
spae M that is a produt of manifolds of the four types above and the
additional torus fators needed in types (iii) and (iv). The existene
of an appropriate Hamiltonian instanton F is guaranteed if there are
suiently many fators of type (ii) or type (iv) with large b2(S ).
We say that a group ation on a produt A×B projets transitively
to B if the ation preserves the produt struture, so g · (a, b) = (g ·
a, g · b), and the indued ation on the seond fator B is transitive.
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Theorem 5.3. Let M = M0×T
p
be a ompat hkt manifold of dimen-
sion 4m, p = b1(M). Suppose T
n
ats freely on M preserving the hkt
struture, projeting transitively to T p and preserving a Hamiltonian
instanton F ∈ Ω2
Z
(M) of rank n in H2(M, tn). Then there is a nite
over W˜ of a twist W of M via F that is a ompat simply-onneted
hkt manifold.
Here the rank of F in H2(M, tn) is the rank of [F ] as a linear map
H2(M,R)→ t∗n ∼= R
n
.
Proof. From the disussion of the building bloks we see that the Hamil-
tonian instanton F is the pull-bak of a form F0 on M0. Then the
twisting bundle P → M = M0 × T
p
is P0 × T
p
, where P0 → M0 is
a prinipal T n-bundle with urvature F0. As [F ] has rank n, the fun-
damental group of P0 is nite. The lifted T
n
-ation T˚M is free and
projets transitively to T p. In partiular, W = P/T˚M is dieomorphi
to a quotient of P0 by the free ation of a ompat group and so pi1(W )
is nite. However, by Proposition 5.2, the instanton ondition also
ensures that W is hkt. 
For example, this Theorem gives hkt metris not only on torus
bundles of rank 4, 8, 12 and 16 over a single K3 surfae, but also
on ertain bundles with bre SU(n + 1) or S × S1 for a 3-Sasaki
manifold S .
Note that Verbitsky [39℄ onstruts hkt metris on vetor bundles
out of instanton onnetions, but the resulting ompat quotients are
never simply-onneted.
5.2. Speial Obata holonomy. If (M4m, I, J,K) is any hyperom-
plex manifold, then there is a unique torsion-free onnetion ∇Ob pre-
serving the omplex strutures [28℄. This implies that the holonomy of
∇Ob lies in the group GL(m,H). Verbitsky [40℄ showed using a version
of Hodge theory for hkt manifolds, that ifM is hkt and the anonial
bundle is trivial then the holonomy redues to the subgroup SL(m,H).
The following is a simpler result that will be suient for our purposes.
Proposition 5.4. Let (M4m, I, J,K) be a hyperomplex manifold with
trivial anonial bundle. If M admits a omplex volume form Θ with
respet to I that satises JΘ = Θ, then the Obata onnetion has
holonomy in SL(m,H).
Proof. As ∇Ob preserves the omplex struture I, we have ∇ObΘ =
θ⊗Θ for some one-form θ ∈ Ω1(M,C). Now ∇Ob is torsion-free, so dΘ
is the alternation of ∇ObΘ and 0 = dΘ = θ∧Θ = θ0,1 ∧Θ ∈ Ω2m,1(M),
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where type deompositions are with respet to I. We onlude that
θ0,1 = 0.
Now ∇Ob preserves J too, so θ(X)JΘ = J∇ObX Θ = ∇
Ob
X (JΘ) =
∇ObX Θ = θ(X)JΘ for any tangent vetor X . This shows that θ is a
real one-form, and from θ0,1 = 0 we nd that θ = 0. Thus Θ is Obata
parallel and Θ ∧Θ is a parallel real volume form for ∇Ob. 
Theorem 5.5. The spaes of Theorem 5.3 built using fators of type
(i) and (ii) are simply-onneted hyperomplex 4m-manifolds with ho-
lonomy ontained in SL(m,H).
Proof. The given fators are hyperKähler, so Θ = (ωJ + iωK)
m
is a
omplex volume form on M = M0×T
p
. In our ase M0 is a produt of
ompat irreduible hyperKähler manifolds, the twisting form F is the
pull-bak of a form on M0, whereas the group ation of TM is simply
that of the fator T p. So a−1ξ yF = 0 and Proposition 4.8 implies that
W˜ has holomorphially trivial anonial bundle with omplex volume
form ΘW = (ω
W
J + iω
W
K )
m
. But JΘW = (Jω
W
J + iJω
W
K )
m = (ωWJ −
iωWK )
m = ΘW . The result now follows from Proposition 5.4. 
In partiular, this onstruts examples on instanton torus bundles
over produts of K3 surfaes.
The other building bloks of type (iii) and (iv) desribed above typi-
ally do not have c1 = 0 and so an not be used in the onstrution of
Theorem 5.5.
5.3. Non-instanton HKT twists. Let us note that hkt twists of
the type in Proposition 5.2 need not ome from instantons, at least in
the non-ompat ase.
Example 5.6. Let M = R>0 × T 3 ⊂ H/(Zi + Zj + Zk) with the at
hyperKähler struture. Let X0 = ∂/∂x
0
be the generator of the rst
fator, so that X1 = IX0, X2 = JX0 and X3 = KX0 generated the
three irle fators of T 3. Let b0, b1, b2, b4 be the (unit length) dual
one-forms. Put FI = b0 ∧ b1 = b01, FJ = b02 and FK = b03. Then
X1 yFI = −b0 = −dx
0 = X2 yFJ = X3 yFK , with all other Xi yFA
zero. We may thus take a = − diag(x0, x0, x0). Then
a−1IF ∧ ξ♭ = − 1
x0
(IFI ∧ b1 + IFJ ∧ b2 + IFK ∧ b3)
= − 1
x0
(0 + b13 ∧ b2 − b12 ∧ b3)
= 2
x0
b123 = a
−1JF ∧ ξ♭ = a−1KF ∧ ξ♭.
Thus we may twist to obtain a new hkt metri, even though F /∈
S2E ⊗ aP sine JFI 6= FI . ♦
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5.4. Hyperomplex manifolds that are not HKT. Proposition 3.8
diretly tells when hyperomplex strutures are preserved by the twist
onstrution.
Proposition 5.7. Suppose that M is hyperomplex with twist data
(ξ, F, a) and that the ation ξ preserves the hyperomplex struture.
Then the twist W is hyperomplex if and only if
LIF = F = LJF = LKF .

Let us use this to give examples of ompat simply-onneted hyper-
omplex manifolds that are not hkt.
Let N be a hyperKähler K3 surfae N for whih the three Kähler
forms ωI , ωJ and ωK have integral periods, f. 4.2. Take M to be the
produt N × T 4 with the hyperKähler torus T 4 = (S1)4 = H/Z4 and
let X0, X1 = IX0, X2 = JX0, X3 = KX0 be vetor elds generating
the four irles. Let ω0 be any non-zero self-dual element of Ω
2
Z
(N).
Then ω0 is of type (1, 1) with respet to eah omplex struture.
Now twist M by F = X0 ⊗ F0 + X1 ⊗ FI + X2 ⊗ FJ + X3 ⊗ FK ,
where FA = pi
∗
NωA is the pull-bak of ωA. Sine Xi yFA = 0 we may
take the twisting funtion a to be the identity matrix. The resulting
twist W has a nite fundamental group and so its universal over W˜
is simply-onneted. We have
F = X0 ⊗ F0 +X1 ⊗ FI + Re((X2 − iX3)⊗ (FJ + iFK))
∈ T ⊗ Λ1,1I + JT
1,0
I ⊗ Λ
2,0
I K,
so LIF = F , and similarly for I, J and K. Thus, W is hyperomplex,
by Proposition 5.7. However, Proposition 5.2 shows that the geometry
on W is not hkt, sine M is hkt and
a−1IF ∧ ξ♭ = F0 ∧ b0 + FI ∧ b1 − FJ ∧ b2 − FK ∧ b3
6= a−1JF ∧ ξ♭ = F0 ∧ b0 − FI ∧ b1 + FJ ∧ b2 − FK ∧ b3,
(5.3)
where bi = X
♭
i .
I laim that the hyperomplex struture on W˜ admits no ompatible
hkt metri. Suppose for a ontradition that g0 is an HKT metri on
(W˜ , I, J,K). As the hyperomplex struture on W is onstruted via
the twist onstrution it is T 4-invariant. Averaging g0 over pi1(W ) and
then the prinipal T 4-ation gives a metri g1 on W that is still hkt
sine the hkt ondition is linear and invariant under tri-holomorphi
pull-baks. Untwisting W gives the original produt hyperomplex
struture on N ×T 4 and a hyperHermitian metri g2 on N ×T
4
whih
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is T 4-invariant. As all hyperHermitian metris on a four-dimensional
vetor spae are proportional, we may write
g2 = f gN + h
3∑
i=0
b2i + 2
3∑
i=0
bi ∨ αi,
where gN is the hyperKähler metri on N , αi ∈ Ω
1(N), α1 = Iα0, et.,
and f, h ∈ C∞(N) are positive (pull-baks signs have be omitted).
Let ω
(i)
A denote the Kähler forms of gi. Then
IWdω
(1)
I ∼H Idf ∧ ωI + Idh ∧ (b01 + b23)
− 2
3∑
i=0
bi ∧ Idαi +
3∑
i=0
IFi ∧ (h bi + αi).
(5.4)
For W hkt, we have IWdω
(1)
I = JWdω
(1)
J = KWdω
(1)
K . Using (5.4)
and onsidering the oeient of b01 gives Idh = 0, so h is onstant.
Looking at the oeient of bi, we nd
2(Idαi)− h IFi = 2(Jdαi)− h JFi
= 2(Kdαi)− hKFi.
(5.5)
For i = 0, this gives Idα0 = Jdα0 = Kdα0, so dα0 is self-dual on the
ompat spae N and therefore zero. As b1(N) = 0, we may write
α0 = dφ, for some φ ∈ C
∞(N).
Equation (5.5) for i = 1, is
2(Idα1)− hωI = 2(Jdα1) + hωI = 2(Kdα1) + hωI . (5.6)
This rst gives that Jdα1 = Kdα1, so dα1 ∈ Λ
1,1
I . Writing dα1 =
β + λωI , with β ∈ Ω
2
+(N), gives Jdα1 = β − λωI and (5.6) implies
λ = h/2, whih is onstant.
However, α1 = Iα0 = Idφ and so λ = ∆Nφ, where ∆N is the Lapla-
ian of the hyperKähler metri gN . Sine ∆N has image orthogonal to
the onstant funtions, we onlude that λ = 0 and hene h = 0, on-
traditing the positive deniteness of g2. Thus g1 an not be hkt and
the hyperomplex struture on W˜ admits no ompatible hkt metri.
To summarise:
Theorem 5.8. There are ompat simply-onneted hyperomplex 8-
manifolds that admit no ompatible hkt metri. Moreover these exist
with Obata holonomy ontained in SL(2,H).
Proof. It remains to prove the nal assertion. However, the twist
W onstruted above starts from an hyperKähler manifold and has
a−1ξ yF 1,1 = 0, so as in the proof of Theorem 5.5 the Obata holonomy
redues. 
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Theorem 5.9. There are non-trivial ompat simply-onneted hyper-
omplex manifolds in all dimensions 4m > 8 that admit no ompatible
hkt metri. Furthermore, examples exist with holonomy in SL(m,H).
The examples onstruted are torus bundles over a produt base and
by `non-trivial' we mean that the struture does not split as a produt
of torus bundles over a produt of fators of the base.
Proof. Let W0 be the 8-dimensional example onstruted above. Un-
twist the symmetry X0 by F0 to get the hyperomplex manifold W1 =
S1 × B7. Let M2 be a produt of (m − 2) fators that are eah K3
surfaes with a xed hoie of non-zero integral self-dual 2-form F(i).
Twisting the S1 fator ofW1 by F = F0+F(1)+· · ·+F(m−2) we a obtain
a 4m-dimensional hyperomplex manifold W2 with nite fundamental
group and Obata holonomy in SL(m,H). The universal over W˜2 of
W2 is the required example.
The hyperomplex manifold W˜2 admits no ompatible hkt metri,
sine any potential hkt metri may be averaged so that it desends to
a torus invariant hkt metri on W2 and then twisted to an hkt metri
on M ×W0. As W0 is a hyperomplex submanifold of M ×W0 suh
an hkt metri would restrit to an hkt metri on W0 itself, but that
is a ontradition. Thus W˜2 arries no ompatible hkt metri. 
Using the squashed 3-Sasaki building bloks of 5.1 one may obtain
examples with c1 non-zero and so Obata holonomy not in SL(m,H).
In dimension 8 we an prove a more general non-triviality result.
Theorem 5.10. Any ompat hyperomplex 8-manifold that does not
admit an hkt metri is not a non-trivial produt of smaller dimen-
sional hyperomplex manifolds.
Proof. Suppose that M8 is suh a produt N1×N2 with Ni hyperom-
plex. Then eah Ni has dimension 4. However Boyer [6℄ showed that
any ompat hyperomplex 4-manifold is either T 4, a K3 surfae or
S3 × S1. But eah of these examples admits a ompatible hkt metri,
and the produt struture on M = N1×N2 is then hkt, ontraditing
the hypotheses. 
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